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Abstract

Index numbers are used to aggregae detailed information on prices and quantities into
scalar measures of price and quantity levels or thar growth. The paper reviews four main
approaches to bilateral index number theory where two price and quantity vectors are to
be aggregated: fixed basket and average of fixed baskets, stochadtic, test or axiomatic and
econornic approaches. The pgoe aso consders multilateral index number theory where
it is necessary to condruct price and quantity aggregaes for more than two value
aggregaes. A find section notes some of therecent literature on related aspects of index
number theory the congruction of indexes when there is seasondity in the undelying
data, sources of bias in consumer price indexes, the use of index numbers in measuring
produdivity, the problem of qudity changeand index number theory that is based on
taking differences rather than ratios
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1. Introduction

Each individud conaumes the services of thousnds of commodities over ayear and most
producrs utilize and produe thousnds of individud produds and services. Index
numbes are used to redue and summarize this overwhdming abundance of

microeconornic information. Hence index numbers intrudethemselves on virtudly every
empirical investigaion in economics.

! The financial assistance of the Australian Research Council is gratefully acknowledged. This paper is
forthcoming in the New Palgrave Dictionary of Economics.



The index number problem may be stated as follows. Suppo® we have price daa p' =
(pLE ,pn') and quantity data g’ = (au,E ,gn') on N commodities tha pertain to the same
economic unit at time periodt (or to comparable econorric units) for t=0,1,2,E ,T. The
index nurber problemisto find T+1 numbers P and T+1 numbers Q' such that

(1) PQ' =ptg= Sn"piga fort=0,1E ,T.

P istheprice index for periodt (or unit t) and Q' is the corresponding quanity index. P
is suppod to be representative of all of thepricesp,’, n = 1,..., N in some sense, while Q'
isto besimilarly representative of the quantities g,, n = 1,..., N. Inwha precise sense P
and Q' represent the individud prices and quantities is not immediately evident and it is
this ambiguity which leadsto different approaches to index number theory. Note tha we
require tha the produd of the price and quantity indexes, P'Q', equds the actud period
(or unit) i expenditures on the N commodities, p'q’. Thusif the P are determined, then
the Q' may beimplicitly determined usng equaions (1), or vice versa.

The number P is interpreted as an aggregate period t price level while the numbe Q'is
interpreted as an aggregdae periodt quantity level. Thelevels approach to index number
theory works as follows. The aggregate price level P' is assumed to be a fundion of the
components in the period t price vector, p' while the aggregae period t quantity level Q'
is assumed to be a fundion of the period t quantity vector components, d; i.e, it is
assumed that

(2P =c(p)andQ'=f(q) ; t=0,1E ,T.

Thefundionsc and f are to be determined somehow. Note tha we are requiring tha the
fundiond forms for the price aggregaion fundion c and for the quantity aggregaion
fundion f be indegendent of time. This is a reasonable requirement since there is no
reason to changethe method of aggregdion as time changes.

Subdituting (2) into (1) and dropping the supescripts t meanstha ¢ and f mug satisfy
thefollowing fundiond equaionfor al strictly pasitive price and quantity vectors:

(3 (@ =pa= " Pt forall p>> 0y andforal g>> Oy.

Note tha p >> Oy means tha each component of p is postive, p = Oy means each
component is nonngative and p > Oy means each component is nonnegaive and at least
one component is postive. We now could ask wha propeaties should the price
aggregdion fundion ¢ and the quantity aggregaion fundion f have? We could assume
that ¢ and f satisfied variousQeasonableOpropaties and hopethat these properties would
determine the fundiond form for ¢c and f. However, it turns out tha we only have to
make the following very weak postivity assumptionson f and c in order to obtain an
impossibility result:

(4) c(p)>0foral p>>0y;f(g)>0foral g>> 0.



Eichhom (1978; 144) proved the following result: if the number of commodities N is
greater than 1, then there do not exist any functionsc and f tha satisfy (3) and (4). Thus
this levels approacd to index number theory comes to an abrupt hdt. As we shdl see
later when the economic approach to index number theory is studied, thisis not quite the
end of the story: in (3) and (4), we allowed p and g to vary independently from each other
and this is wha leads to the impossibility result. If ingead we alow p to vary
indgoendently but assume that q is determined as the result of an optimizing modd, then
equdion (3) can be satisfied.

If we changethe question that we are trying to answer dightly, then there are practical
solutions to the index number problem. The change is tha instead of trying to
decompose the vaue of the aggregate into price and quantity components for a single
period, we indead attempt to decompose a value ratio pertaining to two peiods say
periodsO and 1, into a price changeconmponent P times a quartity changeconponent Q.
Thus we now look for two fundions of 4N variables, P(p°,p*,a%,q") and Q(p°,p*,a’,q")
such that:

(5) p-q'p®d = P(°,p",a’, ) Q(p° ph.a.a’).

Note that if some approach to index nunmber theory determines the thestOfundiond form
for the price index P(p°,p*.a°.q"), then the produd test (5) can be used to determine the
fundiond form for the corresponding quantity index, Q(p%p".a°.q).

If we take thetest or axiomatic approach to index number theory, then we want equaion
(5) to hold for al postive price and quantity vectors pertaining to the two periodsunde
consderation, p°,p,o°,q". If we take the econonic approad, then only the price vectors
p° and p* are regarded as independent variables while the quantity vectors, o° and g', are
regarded as dependent variables. In section 4 beow, we will pursue the test approach
and in sections 5 to 7, we will take the economic approach. In sections 2-7, we take a
bilateral approadh to index nunber theory; i.e, in making price and quantity
compaisons beween any two time periods the relevant indexes use only price and
quantity information tha pertains to the two periods unde congderation. It is also
possible to take a multilateral approach; i.e., we look for fundions P' and Q, tha are
fundionsof all of the price and quantity vectors, p°,p".E, p',a>,d",E ,q". Thuswe look
for 2(T+1) fundions P(p°p~E p".a*.q E, q") and Q(p°p E p".a°q E q'), t =
0,LE T, such tha

(6) p"q' =P(°p'E, p'.a".qE .a") Q@ p"E .p"d".d'E, q) fort=0LE,T.

We briefly pursuethe multilateral approach to index number theory in section 9 beow.
Thefour main approaches to bilateral index numbe theory will becovered in this review:
(i) thefixed baket approadc (section 2), (ii) the stochagic approach (section 3), (iii) the

test approad (section 4) and (iv) the economc approad, which relies onthe assumption
of maximizing or minimizing behavior (sections5-7).



Section 8 discusses fixed base versus chaned index numbers and section 10 condudes by
mentioning some recent areas of active research in theindex numbe literature.

2. Fixed Basket Approadies

The English economist Joseph Lowe (1823) developed the theory of the consumer price
index in some detail. His approach to measuring the price change between periods0 and
1 was to specify an approximate representative commodity basket quantity vector, g =
(91,E ,gn), which was to be updded every five years, and then calculate the level of
pricesin period 1 relative to period 0 as

(7) PLo(p’,p",0) = p-alpq

where p° and p' are the commodity price vectors tha the consumer (or group of
consumers) face in periods0 and 1 respectively. Thefixed basket approach to measuring
price changeis intuitively very simple: we simply specify the commodity QistOq and
calculate the price index as the ratio of the cogs of buying this same list of goodsin
periods1 and 0.

As time passed, econonists and price statisticians demanded a bit more precision with
respect to the specification of the basket vector . There are two natural choices for the
reference basket: the period 0 commodity vector q° or the period 1 commodity vector g
These two choices lead to the Laspeyres (1871) price index P. defined by (8) and the
Paasche (1874)price index Pp defined by (9):

(8) PL(pg,p}qg Qi) Epl f/p qj;
(9) Pe(p°,p",0°.q") = pq'/p>q".

The above formulae can be rewritten in an aternaive manne that is very useful for
statistical agendes. Definethe peiodt expenditure share on commodity n as follows:

(10) si' = pnogn/p+g  forn=1E, Nandt=0,1.
Following Fisher (1911) the Laspeyresindex (8) can berewritten asfollows:

(1) P(P°p"a%aY) = Seet pn lqn"/(po-qz .
= =t (Pn/Pn) Pt /0™ q
= St (PP s using definitions(10).

Thus the Laspeyres price index P. can be written as a base period expenditure share
weighted average of the N price ratios (or price relatives udng index number
terminology), p./p.’ . The Laspeyres formula (until the very recent past) has been
widdy used as the intellectud basis for county Consumer Price Indexes (CPIs) around
the world. To implement it, the county statistical agency collects information on
expenditure shares s,’ for the index domain of definition for the base period 0 and then
collectsinformation on prices alone on an ongong basis. Thusa Laspeyrestype CPI can



be produed on a timely basis without having to know current period quantity
information. In fact, the situaionis more complicated than this: in actud CPI programs,
prices are collected on a monthly or quaterly frequency and with base month 0 say but
the quantity vector o€ is typically not the quantity vector that pertains to the price base
month O; rather it is actudly equd to a ba®e year quantty vector ¢° say, which is
typicaly prior to the base month 0. Thusthe typical CPI, althoughloosly based on the
Laspeyres index, is actudly a form of Lowe index; see (7) above Indead of usng the
Lowe formula for their CPI, some statistical agendes use the following Young (1812)
index:

(12) Py(p’.p"S") = St (on'7p) s

where the s,” are base year expenditure shares on the N commodities in the index. For
additiond material on Lowe and Youngindexes and ther use in CPl and PPl (Producer
Price Index) programs, see theILO (2004)and theIMF (2004)

The Paasche index can also be written in expenditure shae and price ratio form as
follows:

(13) Pe(p°,p",a%.0") = 1/ [Sn=a Pt 7pha]
=1 [Zn=1" (Pn/pn’) pr'gn/phq]
=1/ [Sn=t" (Pnpd) t s using definitions(10)
=[Zn=t" (o' on) &5

Thus the Paasche price index Pr can be written as a peiod 1 (or current period)
expenditure share weighted harmonic average of the N priceratios

The problem with the Paasche and Laspeyres index number formulae is tha they are
equdly plaugble butin general, they will give different answvers. This suggests tha if we
require a single estimate for the price change between the two periods then we need to
take some sort of evenly weighted average of the two indexes as our find estimate of
price change between peiods0 and 1. Examples of such symmetric averages are the
arithmetic mean, which leads to the Sidgwick (1883; 68) Bowley (1901; 227) index,
(1/2)P. + (1/2)Pp, and the geometric mean, which leadsto the Fisher (1922)idea index,
P, which was actudly first suggested by Bowley (1899;641), defined as

(14) Pe(p°p",a%.q") = [PL(p’p".a) Pe(p® P, )12

At this point, the fixed basket approach to index nunmber theory is trandormed into the
test approach to index nunber theory; i.e., in order to determine which of these fixed
basket indexes or which averages of them might be (hestQ we need criteria or tests or
propeties tha we would like our indexes to satisfy. We will pursue this topic in more
detail in section 4 bdow but we will give the reader an introdudion to this topic in the
present section because some of these tests or propeties are usful to evaluae other
approachesto index number theory.



Let aand b betwo postive numbes. Diewert (1993ly 361) defined a symmetric mean of
aand b as a fundion m(a,b) that has the following propeties: (i) m(a,a) = aforal a>0
(mean propeaty); (i) m(ab) = m(b,a) for all a> 0, b > 0 (symmetry propaty); (iii) m(a,b)
isacontinuows fundionfor a> 0, b > 0 (continuity propaty) and (iv) m(ab) isastrictly
increasing fundion in each of its variables (increasingness propaty). Eichhom and
Vodler (1976; 10) showed tha if m(ab) satisfies the above propaties, then it aso
satisfies thefollowing property: (v) min{a,b} < m(ab) = max {a,b} (min-max propety);
I.e,, the mean of a and b, m(ab), lies beween the maximum and minimum of the
numbes a and b. Since we have restricted the domain of definition of a and b to be
postive numbers, it can be seen tha an implication of the last propeaty is tha m also
satisfies the following propetty: (vi) m(ab) > 0for al a> 0, b > 0 (postivity propety).
If in addition, m satisfies the following propaty, then we say that m is a honogeneous
symmetric mean: (vii) m(Aa,Ab) =im(ab)foral A>0,a>0, b> 0.

What is the bestO symmetric average of P. and P to use as a point estimate for the
theoretica cog of living index? It is very desirable for a price index formula that
depends on the price and quantity vectors petaning to the two peiods unde
congderation to satisfy the time reversal test. We say tha the index number formula
P(p°p'.o°.q") satisfiesthistest if

(15 P(p,p°a.a°) = 1/ P@p’pha’a) ;

i.e., if we interchangethe period 0 and period 1 price and quantity data and evalude the
index, then this new index P(p',p°.q',q°) is equd to the reciprocal of the origind index
P(p°,p",a%.qY). For the history of this test (and other tests), see Diewert (1992; 218)
(19933

Diewert (1997;138) proved the following result: the Fisher Ideal price index defined by
(14) aboveistheonly index tha is a homogeneous symmetric average of the Laspeyres
and Paasche price indexes, P and Pp, that also satisfiesthetime reversal test (15) above

Thus the symmetric basket approach to index number theory leads to the Fisher ided
index as the estOformula. It is interesting to note that this symmetric basket approach
to index numbe theory daes back to oneof the early pioneers of index number theory,
Bowley, asthefollowing quottionsindicate:

Of [the Paasche index] and [the Laspeyres index] lie close together there is no further difficulty; if they
differ by much they may be regarded as inferior and superior limits of the index number, which may be
estimated as their arithmetic mean E as afirst approximation.O A. L. Bowley (1901; 227).

QWhen estimating the factor necessary for the correction of a change found in money wages to obtain the
change in real wages, statisticians have not been content to follow Method Il only [to calculate a Laspeyres
price index], but have worked the problem backwards [to calculate a Paasche price index] as well as
forwards. E They have then taken the arithmetic, geometric or harmonic mean of the two numbers so
found.OA. L. Bowley (1919; 348).

Indead of taking a symmetric average of the Paasche and Laspeyres indexes, an
alternaive average basket approach takes a symmetric average of the baskets that prevall



in the two peiodsunde consdeation. For example, the average basket could be the
arithmetic or geometric mean of thetwo baskets, leading the Marshdl (1887) Edgewnorth
(1925)index Pye or theWalsh (1901;398) (19215, 97-101)index Py:

(16) Pue(P’p"a%aY) = Sn=a pu'(12)(0n° + ) / Sm=t" BA(L2)(Om” + O);
(17) Pu(@’paaY) = St P (an°an )/ Sm=1 pr(am m )2

Diewert (2002; 569-571) showed tha the Walsh index Py emerged as being bestOin
this average basket framework; see a'so Chapters 15 and 16in ILO (2004)

We turn now to the second major approach to bilateral index number theory.

3. The Stochadgic Approad to Index Number Theory

On drawing our averages the independent fluctuations will more or less destroy each other; the one
required variation of gold will remain undiminished.O W. Stanley Jevons (1884; 26).

The stochastic approach to the determination of the price index can be traced back to the
work of Jevons(1865)(1884)and Edgeworth (1888) (1923)(1925)over a hunded years
ago. For additiond discussion on the early history of this approach, see Diewert (1993a
37-38) (1995b)

The basic idea benind the stochastic approach is that each price relative, p,'/p,’ for n =
1,2,E ,N can beregaded as an estimate of a common inflation rate o between periods0
and1;i.e,itisassumed tha

(18) pulp’ = +en ; N=1,2E N

where a is the common inflation rate and the ¢, are random variables with mean 0 and
variance o°. The least squares estimator for o is the Carli (1764)price index P defined
as

(19) Po(p®,p") = Se=1" (1N) (pn'/pn).

Unfortunaely, Pc does not satisfy the time reversal test, i.e., Po(p',p°) = 1/ Pc(p®,pY). In
fact, Fisher (1922;66) noted that Pc(p°,p*)Pc(ph,p%) = 1 unless the period 1 price vector p*
is propottiond to the period O price vector p”; i.e., Fisher showed that the Carli (and the
Young)index has a definite upward bias. He urged statistical agendes not to use these
formulae.

Now assume tha the logaithm of each price relative, In(p./p.), is an unbased estimate
of thelogaithm of theinflation rate between peiods0 and 1, § say. Thuswe have:

(20) In(po/p) =B + € ; N=1,2,E N



where = Ina and thee, are independently distributed randomvariables with mean 0 and
variance o°. The least squares estimator for f is the logaithm of the geometric mean of
the price relatives. Hence the corresponding estimate for the common inflation rate o is
the Jevons(1865)price index P; defined as:

(22) Pyp%pY) = ITn=t" (Pn/pe)*™.

The Jevons price index P; does satisfy the time reversal test and hence is much more
satisfactory than the Carli index Pc.

Bowley (1928) attacked the use of both (19) and (21) on two grounds First, from an
empirical point of view, he showed tha price ratios were not symmetrically distributed
about a common mean and ther logaithms also failed to be symmetrically distributed.
Secondly, from atheoretical point of view, he argued tha it was unlikely tha prices or
price ratios were indgpendently distributed. Keynes (1930)developed Bowley® second
objection in more detail; heargued that changes in the money supply would not affect all
prices at the same time. Moreover, real disturbances in the econony could cause one set
of pricesto differ in a systematic way from other prices, depending on variouselasticities
of subgitution and complementarity. In other words, prices are not randonly distributed,
but are systematically related to each othe through the general equilibrium of the
econony. Keynes (1930; 76-77) had other criticisms of this unweighted stochastic
approad to index numbe theory, induding the point tha tha there is no such thing as
the inflation rate; there are only price changes tha petain to well specified sets of
commodities or transactions i.e., the domain of definition of the price index mug be
carefully specified. Keynes aso followed Walsh in ingsting that price movements mugt
beweighted by their econonic impaortance; i.e., by quantities or expenditures:

Ot might seem at first sight as if simply every price quotation were a single item, and since every
commodity (any kind of commodity) has one price-quotation attached to it, it would seem as if price-
variations of every kind of commodity were the single item in question. Thisis the way the question struck
the first inquirers into price-variations, wherefore they used simple averaging with even weighting. But a
price-quotation is the quotation of the price of a generic name for many articles; and one such generic name
covers a few articles, and another covers many. E A single price-quotation, therefore, may be the
quotation of the price of ahundred, a thousand, or amillion dollar@ worths, of the articles that make up the
commodity named. Its weight in the averaging, therefore, ought to be according to these money-unit@
worth.O Correa Moylan Walsh (1921a; 82-83).

Thel (1967;136-137) proposd a solution to thelack of weightingin (21). He argued as
follows. Suppo® we draw price relatives at random in such a way tha each dollar of
expenditure in the base period has an equd chance of be n% selected. Then the probability
that we will draw the nth price relative is equal to s’ = p.’g./p>q’, the period 0O
expenditure shae for commodity n. Then the oveal mean (peaiod 0O weighted)
logaithmic price changeis St sIn(pn/pn’). Now repest the abovemental experiment
and draw pricerelatives at randomin such away tha each dollar of expenditure in period
1 has an equd probability of being selected. This leads to the overal mean (period 1
weighted) logaithmic price change of 3n-" s.In(pa'/py)). Each of these measures of
oveaal logaithmic price change seems equally valid so we could argue for taking a
symmetric average of the two measures in order to obtain a find single measure of



oveal logaithmic price change Thal (1967;138) argueal that a nice symmetric index
number formula can be obtained if we make the probability of selection for the nth price
relative equd to the arithmetic average of the period 0 and 1 expenditure shares for
commodity n. Using these probabilities of selection, Thel's find measure of overal
logaithmic price changewas

(22) InPr(p°p",a°,0") = Sn=t” (112)(s:° + 1Y) In(pn'7pn).

We can give the following descriptive statistics interpretation of the right hand side of
(22). Definethenth logaithmic priceratio r, by:

(23 ry=InE./p) forn=1FE N.

Now define the discrete randomvariable, R say, as the randomvariable which can take
on the values r, with probabilities p, = (1/2)] &:° + '] for n = 1LE, N. Note tha since
each set of expenditure shares, s,” and s,*, sums to one the probabilities p, will also sum
toone It can beseen that the expected value of the discrete randomvariable R is

(24) E[R] = Sn=" pn = It (12)(s27 + ') In(n/pn) = InPr(p°,p*,0%a)

usng (22) and (23). Thus the logaithm of the index Pr can be interpreted as the
expected value of the distribution of the logarthmic price ratios in the domain of
definition unde consdeation, where the N discrete price ratios in this domain of
definition are weighted according to Thel@ probability weights, pn = (1/2)] 8:° + s,'] for
n=1E 6N.

Taking antilogs of both sides of (24), we obtain the TSrnqvist (1936) TSrngvist and
TSrnqvist (1937 Thel priceindex, Pr. Thisindex number formula has a number of good
propeties. Thusthe second magjor approach to bilateral index number theory has led to
the T8rnqvist Thel priceindex Pr as being hestOfrom this perspective.

Additiond material on stochastic approaches to index number theory and references to
the literature can be foundin Selvanahan and Rao (1994) Diewert (1995b) Wynne
(1997) ILO (2004, IMF (2004)and Clements, 1zan and Selvanahan (2009.

It turns out tha formulae (8), (9), (14) and (22) (the Laspeyres, Paasche, Fishe and
TSrnqvist Thel formulae) are the mos widdy used formulae for a bilatera price index.
But Walsh (1901)and Fisher (1922)presented hundeds of fundiond forms for bilateral
price indexesNl on  what basis are we to choos one as being beter than the other?
Perhgpsthe next approach to index number theory will narrow the choices.

4. The Test Approadch to Index Number Theory

In this section, we will take the perspective outlined in section 1 above i.e., aongwith

thepriceindex P(p°,p,a°.q"), there is a companion quantity index Q(p°,p*,q°.q") such tha
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the produd of these two indices equds the value ratio between the two periods Thus
throughoutthis section, we assume that P and Q satisfy the product test (5) above

Assuming tha the produd test holds means tha as soon as the fundiond form for the
price index P is determined, then (5) can be used to deerminethefundiond form for the
quantity index Q. However, as Fishe (1911; 400-406) and Vogt (1980) observed, a
further advantage of assuming that the produd test holdsis that we can assume tha the
quantity index Q satisfies a QeasonableOpropaty and then use (5) to trandate this test on
the quantity index into a corresponding test on the price index P.

If N =1, so tha there is only one price and quantity to be aggregated, then a naural
candidate for Pis pi*/p:° , the single price ratio, and a naura candidate for Q is .0, ,
thesingle quantity ratio. When the nunmber of commodities or items to be aggregated is
greater than 1, then wha index number theorists have done over the years is propaose
propeties or tests tha the price index P should satisfy. These propaties are generally
multi-dimensond andogues to the one goad price index formula, pi/p,’. Below,
following Diewert (19929), we list twenty tests tha turn out to characterize the Fisher
ideal price index.

We shdl assume tha every component of each price and quantity vector is postive; i.e.,
pb >>0y andq’ >>0yfort=01. If wewanttoset g’ =q", we call the common
quantity vector q; if we want to set p° = p*, we call thecommon price vector p.

Our first two tests, dueto Eichhom and Vodler (1976;23) and Fishe (1922;207-215),
are notvery controversial and so we will not discuss them.

T1:  Postivity: P(p°p",a’qh) > 0.
T2:  Contnuity: P(p°,p'.q°.q") isacontinuousfundion of its arguments.

Our next two tests, dueto Laspeyres (1871;308), Walsh (1901;308) and Eichhom and
Vodler (1976;24), are somewha more controversial.

T3: Identity or CongantPrices Test: P(p,p,o’,q") = 1.

Tha is, if the price of every goodisidentical during thetwo periods then the price index
should equd unity, no matter wha the quantity vectorsare. Thecontroversia part of this
test istha thetwo quantity vectors are allowed to be different in theabovetest.

T4: Fixed Basket or Congant Quanities Test: P(p°,p',q,9) = Si=:" pitai /3i=1" pq.

Tha is, if quantities are constant during the two periodsso tha o° = ' = g, then the price
index should equd the expenditure on the constant basket in period 1, 3i-1" pi'q;, divided
by the expenditure on the basket in period 0, 31" p’g.. The origins of this test go back
at least two hunded years to the Massachustts |legid ature which used a congant basket
of goodsto index the pay of Massachutts soldiers fighting in the American Revolution;
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see Willard Fisher (1913) Other researchers who have suggested thetest over the years
indude Lowe (1823, Appendix, 95), Scrope (1833, 406), Jevons (1865) Sidgwick
(1883, 67-68), Edgeworth (1925, 215) origindly published in 1887, Marshdl (1887,
363), Pierson (1895, 332) Walsh (1901, 540) (1921b; 544), and Bowley (1901, 227).
Vogt and Barta (1997;49) also observed tha this test is a special case of Fisher@ (1911;
411) propottiondity test for quantity indexes which Fisher (1911;405 trandated into a
test for theprice index usng the produd test (5).

Thefollowing four tests restrict the behavior of the price index P as the scale of any one
of thefour vectors p°,p*,o’,q* changes. Thefollowing test was proposd by Walsh (1901,
385), Eichhom and Vodler (1976,24) and Vogt (1980, 68).

T5: Propottionality in Current Prices: P(p°Ap*,a°.q") = AP(p°.p".q°.q") for A > 0.

That is, if al period 1 prices are multiplied by the postive nunmber A, then the new price
index is A times the old price index. Put anothe way, the price index fundion
P(p°,p",a0.qY) is (postively) homogeneousof degree onein the componants of the period
1 price vector p*. Mog index number theorists regard this propeaty as a very fundanental
onetha theindex number formulashould satisfy.

Walsh (1901) and Fishe (1911;418) (1922; 420) proposd the related propationdity
test P(p,Ap,a°,q") = A. Thislast test is a combinaion of T3 and T5; in fact Walsh (1901,
385) noted that this last test impliestheidentity test, T3.

In the next test, dueto Eichhorn and Vodler (1976; 28), indead of multiplying al period
1 prices by the same nunmber, we multiply al peiod O prices by the number A.

1 .01

T6: Inverse Proportionality in Base Period Prices: P(\p°,pt,a%qah) = AP, pt,a0,q) for

A >0.

That is, if al period O prices are multiplied by the postive nunmber A, then the new price
index is 1/A times the old price index. Put another way, the price index fundion
P(p°,p",a%.qY) is (postively) homogeneousof degree minusonein the components of the
period O price vector p°.

Thefollowing two homogeneity tests can also beregarded as invariance tests.

T7: Invariane to Proportional Changes in Current Quanities: P(p°,p',g°Aq") =
P(p°,p""q") foral & > 0.

That is, if current period quantities are all multiplied by the nunmber A, then the price
index remains unchanged. Put another way, the price index fundion P(p°,p*,o°.q") is
(postively) homogeneous of degree zero in the components of the period 1 quantity
vector g*. Vogt (198Q 70) was thefirst to propo this test and his derivation of the test
is of some interest. Suppo® the quantity index Q satisfies the quantity andogueto the
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price test T5; i.e., suppoe Q satisfies Q(p°,p',.a’Aq") = AQ(P°,p*,aC,q") for A > 0. Then
usngtheprodud test (5), we see tha P mug satisfy T7.

T8: Invarianee to Proportional Change in Base Quanities: P(po,pl,KqO,ql) _
P(p° pt,ol.qt) for all & > 0.

That is, if base peaiod quantities are all multiplied by the number A, then the price index
remains unchanged. Put another way, the price index fundion P(p°p'd’.qh) is
(postively) homogeneous of degree zero in the components of the period O quantity
vector ’. If the quantity index Q satisfies the following counerpat to T8:
Q(°,p A, ) = AQ(p°,pt.a”.q") for all A > 0, then using (5), the corresponding price
index P mug satisfy T8. This argument provides some additiond judification for
assuming the validity of T8 for the price index fundion P. This test was proposd by
Diewert (1992; 216).

T7 and T8 togdher impos the propety tha the price index P does not depend on the
abolute magnitudes of the quantity vectors o and g'.

The next five tests are invariance or symmetry tests. Fishe (1922;62-63, 458460 and
Walsh (1921b;542) seem to have been thefirst researchers to appreciate the significance
of these kindsof tests. Fishe (1922,62-63) spokeof fairness butit is clear tha he had
symmetry propeatiesin mind. It is perhgps unfortunée tha he did not realize tha there
were more symmetry and invariance propeties than the ones he proposd; if he had
realized this, it is likely tha he would have been able to provide an axiomatic
chaacterization for his ideal price index, as will be done shortly bdow. Our first
invariance test is tha the price index should remain unchangel if the ordering of the
commodities is changed:

T9: Commodity Reversal Test (or invaiance to changesin the ordering of commodities):
P(p™,p™*,d,q™) = P(p°,p',a’q")

where p* denotes a permutation of the componaents of the vector p' and g* denotes the
same permutation of the components of g for t = 0,1. This test is dueto Irving Fisher
(1922) and it is one of his three famous reversal tests. The other two are the time
reversal test and thefactor reversal test which will be consdered bdow.

T10: Invariance to Changes in the Units of Measurement (commensurability test):
P((llplo,---,(leNo; Otlpll,---,OthNl; (11_1Q10,---,CXN_1QN0; (11_1Q11,:--,CXN_1C]N1) =
PP ..o pat o 020 O ot and) for dl ag >0, E, o > 0.

That is, the price index does not changeif the units of measurement for each commodity
are changal. The conaept of this test was due to Jevons (1884; 23) and the Dutch
econonist Pierson (1896; 131), who criticized several index number formula for not
satisfying this fundamental test. Fisher (1911, 411) first called this test the changeof
unitstest and later, Fisher (1922;420) called it thecommenaurability test.
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T11: Time Reversal Test: P(p°p,q%qb) = 1/P(p,p°.q% D).

That is, if the daa for peiods0 and 1 are interchangead, then the resulting price index
should equd the reciprocal of theorigind priceindex. We have already encountered this
test; recall (15) above Obvioudy, in the one good case when the price index is smply
the single price ratio; this test is satisfied (as are al of the other tests listed in this
section). When the numbe of goodsis greater than one many commonly used price
indices fail this test; e.g., the Laspeyres and Paasche price indexes, P. and Pp defined
earlier by (8) and (9) above both fail this fundamental test. The concept of the test was
dueto Pierson (1896;128), who was so upset with the fact tha many of the commonly
used index numbe formulae did not satisfy this test, that he proposd tha the entire
conapt of an index number should be abandonal. More formal statements of the test
were made by Walsh (1901;368)(1921b;541)and Fisher (1911 534)(1922;64).

Our next two tests are more controversial, since they are not necessarily consstent with
the economic approach to index number theory. However, these tests are quite consstent
with the weighted stochastic approach to index nunmber theory discussed in section 3
above

T12: Quanity Reversal Test (quantity weights symmetry test): P(p°.p',q’ql) =
P(’p"qd").

That is, if the quantity vectors for the two periodsare interchanged, then the price index
remainsinvariant. This propeaty meanstha if quantities are used to weightthepricesin
the index number formula, then the period 0 quantities g° and the period 1 quantities g*
mug enter theformulain a symmetric or even handed manne. Funkeand VVodler (1978
3) introduced thistest; they called it theweight property.

The next test proposed by Diewert (19923, 218) is the andogue to T12 applied to
quantity indices:

T13: Price Reversal Test (price weights symmetry test):
{3 pt oY 3 p° g% PE° et ) = {3 p ot D= it oY Pt %o’ a).

Thusif we use (5) to definethe quantity index Q in terms of the price index P, then it can
be seen tha T13 is equivalent to the following propety for the assodated quantity index

Q:
(25 Q(p’.p.a’a’) = Qp*.p°.d.q").

That is, if the price vectors for the two periodsare interchanged, then the quantity index
remainsinvaiant. Thusif pricesfor the same goad in thetwo periodsare used to weight
guantities in the condrudion of the quantity index, then propety T13 implies tha these
prices enter the quantity index in a symmetric manner.
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The next three tests are mean value tests. Thefollowing test was proposd by Eichhom
and Vodler (1976;10):

T14: MeanValue Test for Prices:
mini (p/pP : i=1....,N) = P(p%,p%,a%,qY) = max; (pi/p®:i=1,..N).

That is, the price index lies between the minimum price ratio and the maximum price
ratio. Since the price index is suppo®d to be some sort of an average of the N price
ratios, pi/p°, it seems essential that the price index P satisfy this test.

The next test proposed by Diewert (19923, 219) is the andogue to T14 applied to
quantity indexes:

T15: Mean Value Test for Quartities:
min; (qq° : i=1,...,n) = {V V% PE°p".a°,q") = maxi (gY/q°:i=1,..,n)

where V' is the period t value aggregate V' = Si=1" png.' for t = 0,1. Using (5) to define
the quantity index Q in terms of the price index P, we see that T15 is equivalent to the
following propety for the assodated quantity index Q:

(26) mini (g/g° ;i = 1,...,N) = Q(P°,p*,a%,q") = max; (q/q°%:i=1,..N).

Tha is, the implicit quantity index Q defined by P lies beween the minimum and
maximum rates of growth g;*/q;° of theindividud quantities.

In section 2, it was argued that it was very reasonable to take an average of the Laspeyres
and Paasche price indices as a single bestOmeasure of overal price change This point
of view can beturned into atest:

T16: Paaghe and Lagpeyres Boundng Test: The price index P lies beween the
Laspeyres and Paascheindices, P. and Pp, defined by (8) and (9) above

Bowley (1901;227)and Fisher (1922;403) both endorsed this propety for a price index.

Our find four tests are monoonicity tests; i.e., how should the price index P(p°,p%,a°.q")
change as any component of the two price vectors p° and p' increases or as any
component of thetwo quantity vectors o° and g increases.

T17: Monobnicity in Current Prices: P(p°,p",o”.q") < P(p°,p%’.q) if p* < p°.

Tha is, if some peiod 1 price inaeases, then the price index mug increase, so tha
P(p°,p'.o°.q") is increasing in the components of p'. This propety was proposd by
Eichhom and Vodler (1976;23) and it is a very reasonable propety for a price index to
satisty.

T18: Monobnicity in Base Prices: P(p°,p%,d°.q") > P(p%.p',q°q) if p° < p*
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Tha is, if any peiod O price inaeases, then the price index mug decrease, so tha
P(p°,p",a0,q") is decreasing in the components of p° . This very reasonable propaty was

also proposd by Eichhom and Vodler (1976;23).

T19: Monobnicity in Current Quanities: if g* < ¢f, then
{3 ptaY 3 p0 oy P et a’ gt < {3 pt o D oY P’ pta’ o).

T20: Monobnicity in Base Quanities: if q° < of, then
{3 pt oY D p0 oy P phaah) > { S pt o S o P’ et o a).

If we define the implicit quantity index Q that correspondsto P using (1), we find tha
T19trandatesinto thefollowinginegudity involving Q:

27 Q°p'a%aY) < Q’p a’ o) if g < of.

Tha is, if any peaiod 1 quantity increases, then the implicit quantity index Q that
correspondsto the price index P mug increase.  Similarly, we find that T20 trandates
into:

(28 Q(P°p".a%aY) > Q(’p" o) if o < o

That is, if any period O quantity increases, then the implicit quantity index Q mug
decrease. TestsT19and T20are dueto Vogt (1980, 70).

Diewert (19925 221) showed tha the only index nurber formula P(p°,p%,q%q") which
satisfiestests T1-T20isthe Fisher ideal priceindex Pr defined earlier by (14); i.e., asthe
geometric mean of the Laspeyres and Paasche price indexes.

It turns out that Pr satisfies yet another test, T21, which was Irving Fisher@ (1921;534)
(1922;72-81) third reversal test (the other two beng T9 and T11):

T21: Fador Reversal Test (fundiond form symmetry test):
P(R°p ") P(a’a',p’.p) = Si-d” pit o/ S p

A judification for this test is the following one if P(p°p'.q°.q") is a good fundiond
form for the price index, then if we reverse the roles of prices and quantities,
P(o”.q".p°,p") oughtto bea goodfundiond form for a quantity index (which seemsto be
acorrect argument) and thus the produd of the price index P(p°,p,q°,q") and the quantity
index Q(p°.pt.a°.q") = P(a®,q",p°,p*) oughtto equd the valueratio, V/V®. The second
pat of this argument does not seem to bevalid and thusmany researchers over the years
have objected to the factor reversal test. However, if oneiswilling to embrace T21 as a
basic test, Funke and Vodler (1978;180) showed tha the only index nunmber fundion
P(p°,p'.o°.q") which satisfies T1 (postivity), T11 (time reversal test), T12 (quantity
reversal test) and T21 (factor reversal test) istheFisher ideal index P= defined by (14).
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Other characterizations of the Fisher price index can be foundin Funke and Vodler
(1978)and Balk (1985)(1995.

The Fishe price index Pr satisfies al 20 of thetests listed above Which tests do other
commonly used price indexes satisfy? Recall the Laspeyresindex P defined by (8), the
Paasche index Pr defined by (9) and the TSrngvist Thel index Pr defined by (22).
Straightforward computations show tha the Paasche and Laspeyres price indexes fail
only the three reversal tests, T11, T12 and T13. Since the quantity and price reversal
tests, T12 and T13, are somewha controversial and hence can be discountd, the test
performance of P_ and Pp seems at first sight to be quite good. However, the failure of
thetimereversal test, T11, is a severe limitation assodated with the use of these indexes.

TheTSrnqvist Thel priceindex Py fails ninetests: T4 (thefixed basket test), the quantity
and price reversal tests T12 and T13, T15 (the mean value test for quantities), T16 (the
Paasche and Laspeyres boundng test) and the 4 monobnicity tests T17 to T20. Thusthe
TSrnqvist Thel index is subject to a rather high failure rate from the perspective of this
paticular axiomatic approach to index number theory.

However, it could be argued tha thelist of tests or axioms tha was used to establish the
supeiority of the Fisher ideal index might have been chosen to favor this index. Thus
Diewert (2004) following the example of Walsh (1901; 104-105) and Vartia (1979,
developead a set of axioms for price indexes of the form P(p°,p',v°,v') where V0 and v* are
vectors of expenditures on the N commodities in the index and these vectors replace the
quantity vectors ¢° and g* as weighting vectors for the prices. In this new axiomatic
framework, the T8rnqvist Theil index Pr emerged as being hestO

The consstency and indgpendence of variousbilateral index nunmber tests was studied in
some deail by Eichhom and Vodler (1976) Our conduson at this point echoes tha of
Frisch (1936): the test approach to index nunber theory, while extremely useful, does not
lead to a single uniqueindex number formula. However, two test approaches tha take
aternaive approaches to the methods for weighting prices do lead to the Fisher and
T3rnqvist Theil indexes as being bestOin their respective axiomatic frameworks.

For additiond material on the test approach to bilateral index number theory, see Balk
(1995) Reingdorf and Dorfman (1999) Balk and Diewert (2001) Vogt and Barta (1997)
and Reingdorf (2007).

In the following 3 sections we consder various economic approaches to index nunber
theory. In the economic approach to price index theory, quantity vectors are no longe
regarded as being exogenous variables; rather they are regarded as solutions to various
econorric optimization problems.

5. The Economic Approad to Price Indexes

Before a definition of amicroeconormic price index is presented, it is necessary to make a
few preliminary definitions
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Let F(q) be a fundion of N variables, q = (q,....n). In the consumer context, F
represents a consumer's preferences; i.e. if F(q?) > F(qY), then the consumer prefers the
commodity vector g over g*. In this context, F is called a utility fundion. In the
producer context, F(g) might represent the output that could be produeed usng the input
vector g. In this context, F is caled a produdion fundion. In order to cover both
contexts, we follow the example of Diewert (1976) and call F an aggregator fundion.

Suppo the consumer or producer faces prices p = (p1,E, pn) for the N commodities.
Then theeconomnic agent will generaly find it is useful to minimize the cos of achieving
a least a given utility or output level u; we define the cog fundion or expenditure
fundion C as the solution to this minimization problem:

(29 C(u,p)= ming{p-q:Fq)! u}
where p-q =Sh1"puan istheinne produd of the price vector p and quantity vector g.

Note tha the cost fundion depends on 1 + N variables; the utility or output level u and
theN commodity pricesin thevector p. Moreover, thefundiond form for the aggregator
fundion F completely deermines thefundiond form for C.

We say tha an aggregaor fundionis neodassical if Fis: (i) continuous (ii) postive; i.e.
F(q) > 0 if g >> Oy and (iii) linearly homogeneous i.e. F(Aq) = AF(q) if A > 0. If Fis
neodassical, then the corresponding cog fundion C(u,p) equds u times the unit cost
fundion, c(p) = C(1,p), where c(p) is the minimum cog of produdgng oneunit of utility
oroutput i.e,

(30) C(u,p) = uC(1,p) = udp).

Shephad (1953) formally deined an aggregaor fundion F to be honothdic if there
exists an inaeasing continuous fundion of one variable g such tha g[F(g)] is
neodassical. However, the concept of homotheticity was well known to Frisch (1936)
who termed it expenditure propottiondity. If F is homothdic, then its cog fundion C
has thefollowing decompostion:

(3D C(u,p)= ming{p-q: F(a)! u}
= ming{p-q: g[F(@)] ! g(u)}
= g(u)c(p)

where c(p) is theunit cog funcion tha correspondsto g[F(q)].
Let p° >> Oy and p* >> Oy be postive price vectors pertaining to peiodsor observations

Oand1. Let g> Oy beanonn@aive, nonzro reference quantity vector. ThentheKonYs
(1924)priceindex or cod of livingindexis defined as:
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(32 Px(p’p'0) = CIF(q).p"]/C[F(q).p7].

In the consumer (producer) context, P« may be interpreted as follows. Pick a reference
utility (outpui) level u = F(q). Then P«(p’,p'.q) is the minimum cos of achieving the
utility (output) level u when the econonic agent faces prices p* relative to the minimum
cog of achieving the same u when the agent faces prices p°. If N = 1 so that thereis only
one conaumer good (or inpuy, then it is easy to show that Pc(ppitan) = prla/plan =
PL/py.

Using thefact tha a cost fundionis linearly homogeneousin its price arguments, it can
be shown tha Px has the following homogendty property: Px(p°.Ap%,0) = AP«(p°.p%,0)
for A > 0 which is andogaus to the propottiondity test T5 in the previous section. Pk
also satisfies P«(p*,p°,q) = 1/P«(p°,p",q) which is andogousto thetime reversal test, T11

Note that the fundiond form for P« is completely determined by the fundiond form for
theaggregaor fundion F which determines thefunciond form for the cog fundion C.

In general, Px depends not only on the two price vectors p° and p', but also on the
reference vector g. Mamquist (1953, Pollak (1983) and Samudson and Swamy (1974)
have shown tha Pk is independent of q and is equd to a ratio of unit cog fundions
c(pY)/c(p?), if and only if the aggregator fundion F is homothetic.

If we knew the consumer's preferences or the produer@ technology, then we would
know F and we could condruct the cog fundion C and the KonYsprice index Px.
However, we generaly do not know F or C and thusit is useful to develop boundsthat
depend on observable price and quantity data but do not depend on the specific fundiond
formfor For C.

Samudson (1947)and Pollak (1983 established the following boundson Px. Let p° >>
On, and p* >> Oy, Then for every reference quantity vector g > Oy, we have

(33 mino{pn/pn’} " Pe(p’p"0) " max n{pn'/pn’};

i.e., Pk lies between the smallest and largest price ratios Unfortunaely, these boundsare
usudly toowideto be of much practical use.

To obtain closer bounds we now assume tha the observed quantity vectors for the two
peiods d = (qi,E, g'), i = 0,1, are solutions to the produer@ or consumer@ cost
minimization problems; i.e., we assume;

(34 p-d =C[Fd).p], p >> 0y, q > 0n, i=0.1.

Given theaboveassumptions we now have two naural chmcesfor thereference quantity
vector g that occurs in the definition of P«(p°,p',0): o° or g*. The Lagpeyres-Kon¥s price
index |s defined as P«(p°,pt,a°) and the PaasheKonYs price index is defined as

Pc(p’.p".0").
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Unde the assumption of cog minimizing behavior (34), KonYs(1924) established the
following bounds

35 Pe(’p.a) " pta¥p>d’= PP AT
36) Pc(p’,p'a) ! ptap>at= Pe(p’p’a’a),

where P and Pr are the Laspeyres and Paasche price indexes defined earlier by (8) and
(9). If in addition, the aggregator fundion is homothetic, then Frisch (1936)showed tha
for any reference vector q > Oy,

(37 Pe= p-g/p>q"" Pc(p’pa) " p-op®q’ = PL.

In the consumer context, it is unlikely tha preferences will be homothetic; hence the
bounds(37) cannotbejudified in general. However, KonYs(1924)showed tha bounds
similar to (37) would hold even in the geneal nonhonothetic case, provided tha we
choo® areference vector g= Aq” + (1-M)g*whichisa A, (1-A) weighted average of the
two observed quantity points. Specifically, KonYsshowed tha there exists a A between 0
and 1 such tha if P-" P, then

(38) Po" Px[p’p g’ + (1-M)g'" P
orif P> P, then
(39 PL" Pp’p'Ad’ + (1-1)q] " Pe.

The boundson the microeconomic price index Pk given by (37) in the honotheic case
and (38)-(39) in the nonhonothetic case are the best boundstha we can obtain without
making further assumptionson F. In thetime series context, the boundsgiven by (38) or
(39) are usudly quite satisfactory: the Paasche and Laspeyres price indexes for
consecutive time periodswill usudly differ by less than 1 percent (and hence taking the
Fisher geometric average will generaly suffice for mod practical purposs). However, in
the cross section context where the observationsrepresent, for example, produdion data
for two producers in the same indudry butin different regions the boundsare often not
very useful since P_and Prcan differ by 50 percent or more in the cross sectiond context;
see Rugdes (1967)and Hill (2006)

For generdizationsof the abovesingle houghold theory to many households, see Pollak
(1980;276)(1981;328), Diewert (1983) (2001) and chgpter 18in ILO (2004)

In Section 7 bdow, we will make additiond assumptionson the aggregator fundion F or
its cod fundiondud C tha will engble usto determine P« exactly. Before we dothis, in
the next section, we will define various quantity indexes tha have ther origins in
microeconoric theory.
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6. Economic Approadesto Quantity Indexes

In the onecommodity case, a naural definition for a quantity index is qu'/cu°, theratio of
thesingle quantity in period 1 to the corresponding quantity in period 0. Thisratio isalso
equd to the expenditure ratio, p:*q:/p:°q:°, divided by the price ratio, p;/p°.  This
suggests that in the N commodity case, areasonable definition for a quantity index would
be the expenditure ratio divided by the KonYsprice index, P«. This type of index was
suggested by Pollak (1983. ThustheKonYsPollak quantty index, Qk, is defined by:

(40 Q«(p’pa’ata) = pta'7pd’ Pe(p’, p'0)
= { C[F(q"),p'1/CIF(a),p'1H { CIF(®),p°l/CIF(),p"]}

where the secondlinefollows from the definition of Pk, (32), and the assumption of cost
minimizing behavior in thetwo periods (34).

The definition of Qx dependson the reference vector g which appears in the definition of
P«x. Thegenera definition of Qx simplifies consderably if we choos the reference g to
beq® or g". ThusdeinetheLaspeyres-KonYsquantity index as

(41) Qx(’p a’a'.d) = CIF(G"),p1/CIF(A?),p']

and the Paagche-KonYs quantity index as

(42 x’p-a’atah) = CIF(@).pl/CIF(E).p.

It turnsout that theindexes defined by (41) and (42) are specia cases of another class of
quantity indexes. For any reference price vector p >> Oy, define the Allen (1949)
guantty index by

(43 Qa(".q',p)= CIF(@"),pl/CIF(d").p].
If pischosn to bep®, (43) becomes (42) andif p = p', then (43) becomes (41).

Usin%; the propaties of cos fundions it can be shown tha if F(q") ! F(d°), then
Qa(a’,ahp) ! 1 whileif F(@Y) " F(@), then Qa(a®,g%p) " 1. Thusthe Allen quantity
index correctly indicates whether the commodity vector o is larger or smaller than . It
can also be seen that Qa satisfies a counerpart to thetime reversal test; i.e., Qa(q'.q°.p) =

1/Qa(d’.a"p).

Jud as the price index P« depended on the unobgrvable aggregaor fundion, so also do
the quantity indexes Qx and Qa. Thusit is useful to develop boundsfor the quantity
indexes tha do not depend on the particular fundiond form for F.

Samudson (1947)and Allen (1949 established the following boundsfor (41) and (42):

(44 Qa(”.q"p°%) = Ak’ p .’ ara) " p-ap®a’= Qi
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(45) Qa(a”,0"p°) = Qu(P’p"a’aa) ! pra'/pha’ = Qe.

Note tha the observable Lagpeyres and Paasche quantty indexes, Q. and Qp, appear on
therighthand sides of (44) and (45).

Diewert (1981, utilizing some results of Pollak (1983 and Samudson and Swamy
(1974) established the following results: if the undelying aggregaor funcion F is
neodassical and (32) holds thenforal p>> 0y and q>> Oy,

(46) Q" Qa(q’.q"p) = Qk(p°p".a°.q"a) = F(@)/F(@)) " Q.

Thusif the aggregaor fundion F is neodassical, then the Allen quantity index for all
reference vectors p equds the KonYsquantity index for all reference quantity vectors g
which in turn equds the ratio of aggregates, F(q')/F(q®). Moreover, Qa and Q« are
bounde from bdow by the Paasche quantity index Qp, and boundel from above by the
Laspeyres quantity index Q. intheneodassical case.

In the genera nonhonothetic case, Diewert (1981) showed that there exists a A between
0 and 1 such tha Qx(p°,p*,a’,a" A’ +(1-1)q'] lies between Qpand Q. and there exists a
A" between 0 and 1 such that Qa(c’,q" A p*+(1-A")p?) aso lies between Qp and Q.. Thus
the obsrvable Paasche and Laspeyres quantity indexes boundboth the KonYsquantity
index and the Allen quantity index, provided tha we choos appropriate reference
vectors between ¢’ and g* and p° and p* respectively.

Using thelinear homogendty propety of the cog fundionin its price arguments, we can
show tha the KonYsprice index has the desirable homogeneity propaty, P«(p®,Ap%,q) = A
forall A>0; i.e, if peiod 1 pricesare propottional to period O prices, then Px equdsthis
common propottiondity factor. It would be desirable for an andogoushomogendty
propaty to hold for quantity indexes. Unfortunaely, it is not in gened true tha
Qu(a® A’ p%pha) = A or tha Qa(a®,Aq’p) = A. Thus we turn to a third econoric
approach to defining a quantity inde< which does have the desrable quantity
propottiondity propaty.

Let g* and o be the observable quantity vectors in the two situaionsas usud, let F(q) be
an increasing, coninuousaggregator fundion, and let q >> 0 be a reference quantity
vector. Then theMalmquist (1953 quanity index Qu isdefined as:

(47) Qu(a’.a'.0) = DIF(a).q'1/D[F(a).q"]

where D(u,q) = max «{k : F(q/k) ! u, k > 0} isthedéflation or distance fundion which
correspondsto F.  Thus D[F(q),q'] is the biggest number which will jus deflate the
quantity vector g* onto the bounday of the utility (or produdion) possibilities set {z :
F(z) ! F(q)} indexed by the reference quantity vector g while D[F(q),q°] is the biggest
number which will just deflate the quantity vector g°onto theset {z : F(z) ! F(g)} and Qu
Is the ratio of these two deflation factors. Note that there is no optimization problem
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involving prices in the definition of the Malmquist quantity index but thed€finition of the
distance fundion involves certain deflation problems tha can be interpreted as technical
efficiency optimization problems.

Qv depends on the unobgrvable aggregator function F and as usud, we are interested in
boundsfor Qu.

Diewert (1981) showed tha Qu satisfied boundsandogousto (33); i.e.,

(48 min{an'/an’t " Qu(a’a'a) " max of gn'/an}

As noted above the assumption of cog minimizing behavior is not required in order to
define the Mamquist quantity index or to establish the bounds(46). However, in order
to establish the following bound due to Mamquist (1953) for Qu, we do need the
assumption of cos minimizing behavior (32) for the two periodsunde consderation and
we require thereference vector q to be® or g*;

49 Qu(c’.q.a%) " p™a" /p>d° = QL;
(50 Qu(c’.q"q") ! p-a’p-d’ = Qe

Diewert (1981 showed tha unde the hypohess of cog minimizing behavior, there
exists ah between 0 and 1 such tha Qu(aP,q" Aq’+(1-1)q") lies between Qpand Q.. Thus
the Paasche and Laspeyres quantity indexes provide boundsfor a Mamquist quantity
index for some reference indifference or produd surface indexed by a quantity vector
whichisa), (1-A) weighted average of the two observable quantity vectors, o° and o~

Pollak (1983 showed tha if Fisneodassical, then we can extend the string of equalities
in (46) to indude the Malmquist quantity index Qu(a®.q",q), for any reference quantity
vector g. Thusin the case of a linearly homogeneous aggregaor fundion, al three
theoretical quantity indexes coindde and this common theoretical index is bounde from
bdow by the Paasche quantity index Qp and bounde& from above by the Laspeyres
quantity index Q..

In the genera case of a nonhonothetic aggregaor fundion, our best theoretical quantity
index, the Mamquist index, is also bounde& by the Paasche and Laspeyres indexes,
provided tha we choo® a suitable reference quantity vector. In order to improve upon
the boundng approach, Caves, Christensen and Diewert (1982b) show that if oneis
willing to assume optimizing behavior and make certain functiond form assumptions
about the undelying technology, then it is possible to obtain exact expressonsfor the
Malmquist quantity index.

We noted in the price index context tha the Paasche and Laspeyres price indexes were
uudly quite close in the time series context. A similar remark also applies to the
Paasche and Laspeyres quantity indexes. Thus taking an average of the Paasche and
Laspeyres indexes, such as the Fisher price and quantity indexes, will generaly
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approximate undelying microecononic price and quantity indexes sufficiently accurately
for mog practical purposs. However, this obsrvation does not apply to the cross
sectiond context, where the Paasche and Laspeyres indexes can differ widdy. In the
following section, we offer another microeconomic judification for usng the Fisher
indexes tha also applies in the context of making interregiond and cross county
compaisons

7. Exad and Superlative Indexes

Assume tha the producr or consumer is maximizing a neodassical aggregator fundion f
subject to a budgée constraint during the two peiods Unde these condiions it can be
shown tha the economic agent is aso minimizing cos subject to a utility or output
condraint. Moreover, the cod fundion C tha correspords to f can be written as
C[f(q),p] = f(g)c(p) where c is the unit cog fundion (recall (28) above.

Suppose a bilateral price index P(p°p*,a’,q") and the corresponding quantity index
Q(p’,p*,a’,q") that satisfy (5) are given. The quantity index Q is defined to be exadt for a
n.eodasﬂcal aggregator fundionf with unit cogt dud c if for every p° >> Oy, p* >> Oy and
g >> Oy which is a solution to the aggregator maximization problem max «{f (q) : p' -q "
p-q} =f(q)>0fori=0,1, wehave

(51) Q(°.pa’a’) = f(qh)/f(a).

Unde the same hypohesis, thepriceindex P is exact for f and c if we have

(52 P(p°p"a’q") = c(p')/c(p?).

In (51) and (52), the price and quantlty vectors are not regaded as being indgpendent.
The p' can be independent, but the g are solutions to the corresponding aggregaor
maximization problem involving p', fori = 0,1. Notetha if Q isexact for aneoclassica
f, then Q can be interpreted as a KonYs Allen or Mamquist quantity index and the
correspording P defined implicitly by (5) can beinterpreted as a KonYsprice index.

The concept of exactness is dueto KonYsand Byushgens (1926. Below, we shal give
some examples of exact index number formulae. Additiond examples may be foundin
Afriat (1972) Pollak (19783, Samudson and Swamy (1974) and Diewert (1976)
(199).

KonYsand Byushgens (1926)showed that Irving Fisher® ideal price index P: defined by

(14) and the corresponding quantity index Qr defined implicitly by (5) are exact for the
homogeneousquadratic aggregaor fundionf defined by

(53) f(GrsOn) = (St It @mOnGm)™” = (FAQ)™

where A = [a,n] iIsasymmetric N x N matrix of condants. Thusunde the assumption
of maximizing behavior, we can show tha f(q")/f(q°) = Qr and c(p")/c(p°) = Pewheref is
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defined by (51) and c is theunit cost fundion that correspondsto f. Theimportant point
to note is tha f dependson N(N+1)/2 unknown a,, paameters but we do not need to
know these parametersin order to be able to calculate f(q)/f(q°%) and c(p)/c(p°).

Diewert (1976 showed tha the TSrnqvist Thel price index Pr defined by (22) is exact
for theunit cog fundion c(p) defined by:

(54) Inc(p) = 0o+ Sn=a™ on IN Pa+ (112) St Sn=a™ otmn [0 P 10 P1

where the parameters o, and a.m, satisfy thefollowing restrictions

(55) SneaNon = 1, SietV o =0 form=1,..., N and ot = ot for al m, n.

Thuswe may calculate c(p')/c(p®) = Pr and f(q")/f(q°) = pq'/p®d’ Pr = Qr wheecis
the unit cod fundion defined by (54), f is the aggregaor fundion which correspondsto

thisc, and Qr istheimplicit TSrnqvist Thell quantity index. Note that we do not have to
know the parameters o, and o, in order to evaluae c(pt)/c(p®) and f(q)/f(cC).

The unit cog functiion defined by (54) is the trandog unit cog fundion defined by
Christensen, Jorgenson and Lau (1971) Since Py is exact for this trandog fundiond
form, Pr is sometimes called thetrandog price index.

Definethefollowing family of quantity indexes Q; tha depend ona number, r # O:
(56) Qr(p()’pl,qO,ql) = [En:lN S’]O(qnl /qHO)I’/Z]l/I' [Em:lN S’nl(qml/qm())—I’/Z]—l/l'

wheres, = p.a./p' -q isthe period i expenditure share for goodn. Foreachr # 0, define
the corresponding implicit price index by:

(57 P (P°p-a’a) = phalp*d Qe a’.d).

A bit of algebra will show tha whenr = 2, P, = P, the Fisher price index defined by
(14) andwhenr equds 1, P, equds:

(58) Pl* - Enle pnl(qnoqnl)l/z / Em:lN me(quqml)l/Z — P\N
where Py istheWalsh priceindex defined earlier by (17).

Diewert (1976 showed tha Q, and P, are exact for the quadmtic mean of order r
aggregator fundionf, deined asfollows:

(59 fr(a,....0n) = (Em=lN En=1N 3mn quz anlz)llr

where A = [ann] IS a symmetric matrix of condants. Thusthe Walsh and Fisher price
indexes, Py and Pr, are exact for f1(q) and f,(q) respectively, defined by (59) whenr =1
and 2.
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Diewert (19749 ddfined alinearly homogeneousfundionf of N variables to beflexible if
it could provide a second order approximation to an arbitrary twice continuousy
differentiable linearly homogeneousfundion. It can be shown tha f defined by (53), ¢
defined by (54) and (55) and f, defined by (59) for each r # 0 are al examples of flexible
fundiond forms.

Let the price and quantity indexes P and Q satisfy the produd test equality, (5). Then
Diewert (1976 defined P and Q to besupelative indexes if either Pis exact for aflexible
unit cog fundion c or Q is exact for aflexible aggregaor fundionf. ThusPg, Py, Pr and
P, are dl supelative price indexes. Thusfrom the viewpoint of the econoric approach
to index number theory, all of these indexes can bejudged to beequdly good

At this point, it is useful to review the various approaches to bilateral index nunber
theory discussed in the previous sections In section 2, it was found tha the (hestO
average basket approaches led to the Fishe or Walsh price indexes. In section 3, the
restOindex from the viewpoint of the stochastic approach was the T3rnqvist Thell

index. In section 4, thetest approach led to the Fisher or the TSrnqgvist Thel indexes as
being hestQ Findly, in this section, the econorric approach led to the Fisher, Walsh and
Fisher or the TSrnqvist Thel indexes as being equdly good. Thus all four major

approades to index nunber theory led to the same three indexes as being best. But
which oneof these three formulae, P, Pw and Pr, should we choo®? Fortunaely, it does
not matter very much which of these formulae we choo® to use in applications they will

al give the same answer to areasonably high degree of approximation. Diewert (1978;
889 showed tha al known supelative index number formulae approximate each other
to the second order when each index is evaluated at an equd price and quantity point.

This means the P, Py, Pr and each P, have the same first and second order patia

derivatives with respect to al 4N arguments when the derivatives are evaluaed at a point
wheep’=p'andq® = q". A similar string of equdities also holds for the corresponding
implicit quantity indexes defined usng the product test (5). In fact, these derivative
equdities are still true provided tha p* = Ap° and g* = ug® for any numbers A > 0 and u >

0. However, athoughDiewert® approximation result is mathematically true, Hill (2006

has shown that supelative indexes of the form P,” for r very large in magnitude do not
necessarily empirically approximate the standad supelative indexes P, Pw and Pr very
closly. But these standad supelative indexes typicaly approximate each other to
something less than 0.2 percent in the time series context and to about 2 percent in the
Cross section context; see Fisher (1922) Ruggles (1967, Diewert (1978;894-895) and
Hill (2006 for empirical evidence on this point.

Diewert (1978) also showed tha the Paasche and Laspeyres indexes approximate the
supelative indexes to the first order a an equd price and quantity point. In the time
series context, for adjacent periods the Paasche and Laspeyres price indexes typically
differ by less than 05 pecent; hence these indexes may provide acceptable
approximationsto a supelative index.
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Having consdered the case of two obsrvationsat length, the many observation case is
consdered in thefollowing two sections

8. TheFixed Bas Versusthe Chain Principle

In this section, the merits of usgng the chan system for condrucing price indexes in the
time series context versusudng thefixed base system are discussed.

The chan system, introduced independently into the econormics literature by Lehr (1885;
45-46) and Marshdl (1887;373), measures the changein prices going from oneperiod to
a subsequent period udng a bilatera index number formula involving the prices and
guantities pertaining to the two adjacent peiods These oneperiod rates of change (the
linksin the chan) are then cumulated to yield the relative levels of prices over theentire
period unde consderation. Thus if the bilatera price index is P, the chan system
genaates thefollowing patern of price levelsfor thefirst three periods

(60) 1, P(p°,p".a".q"), P(p°p",a’a’) P(p',p%ao) -

On the other hand, the fixed base system of price levels usng the same bilateral index
numbe formula P simply computes the level of prices in period t relative to the base
period 0 as P(p°,p',q°.q"). Thusthefixed base pattern of price levels for periods0,1 and 2

is:
(61) 1, P(p°p".a”.q"), P(p°p°, ) -

Due to the difficulties involved in obtaining current period information on quantities (or
equivalently, on expenditures), as was indicated in section 2, many statistical agendes
loo=ly base ther Consumer Price Index on the use of the Laspeyres formula and the
fixed base system. Therefore, it is of some interest to look at some of the possible
problems assodated with the use of fixed base Laspeyres indexes.

The main problem with the use of the fixed base Laspeyres index is that the period 0
fixed basket of commodities that is beng priced out in peiod t can often be quite
different from the period t basket. Thusif there are systematic trendsin at least some of
the prices and quantities in the index basket, the fixed base Laspeyres price index
P.(p%,p.a”.q) can be quite different from the corresponding fixed base Paasche price
index, Pe(p’,p,a%,q). This means tha both indexes are likely to be an inadequae
representation of the movement in average prices ove the time peiod under
consderation.

As Hill (1988) noted, the fixed base Laspeyres quantity index cannot be used forever:
eventudly, the base period quantities ° are so far removed from the current period
quantities g' that the base must be changed. Chaning is merely the limiting case where
thebase is changad each period.
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The main advantage of the chan system is tha unde noma conditions chaning will
reduce the spread between the Paasche and Laspeyres indexes; see Diewert (1978;895)
and Hill (1989 (1993; 387-388. These two indexes each provide an asymmetric
perspective on the amount of price change tha has occurred between the two periods
unde consderation and it could be expected that a single point estimate of the aggregate
price change should lie between these two estimates. Thusthe use of eithe a chained
Paasche or Laspeyres index will usudly lead to asmaller difference between the two and
hence to estimates that are closer to the QruthO

Hill (1993;388), drawing on the earlier research of Szulc (1983)and Hill (1988; 136
137), noted tha it is not appropriate to use the chan system when prices o<cillate or
roun@Oto use Szulc@ (1983;548) term. This phenomenon can occur in the context of
regular seasond fluctuaionsor in the context of price wars. However, in the context of
roughly monobnically changing prices and quantities, Hill (1993;389)recommended the
use of chaned symmetrically weighted indexes. The Fisher, Wash and TSrnqvist Thal
indexes are examples of symmetrically weighted indices.

It is possible to be more precise undeg wha conditions one should chan or not chan.
Following arguments dueto Walsh (1901;206) (19213 84-85) and Fisher (1911;204 and
423424) oneshould chan if the prices and quantities pertaining to adjacent periodsare
more similar than the prices and quantities of more distant periods since this strategy
will lead to a narrowing of the spread between the Paasche and Laspeyres indices at each
link. Of course, one needs a measure of how similar are the prices and quantities
pertaining to two peiods The smilarity measures could be relative ones or abslute
ones. Inthecase of absolute comparisons two vectors of the same dimengon are similar
if they are identical and dissmilar othewise. In the case of relative comparisons, two
vectors are similar if they are propottiond and dissmilar if they are nongopottiond.
Once a similarity measure has been defined, the prices and quantities of each period can
be compared to each other using this measure and a QreeOQor pah tha links all of the
obsrvationscan be congruced where the mog similar observationsare compared with
each other usng a bilateral index nunmber formula. Fisher (1922;271-276) informally
suggested this strategy. However, the recent literature on this approach is dueto Robeat
Hill. Initidly, Hill (19993 (1999b)(2001)defined the price structures between the two
countiesto bemore dissimilar thebigge isthe spread between P_ and Pyp; i.e., thebigge
is max {P./Pp, Po/P.}. The problem with this measure of dissimilarity in the price
structures of the two counties is that it could be the case tha P. = P (so tha the Hill
measure would register a maximal degree of similarity) but p° could be very different
then p'. Thusthere is a need for a more systematic study of similarity (or dissimilarity)
measures in order to pick the bestOonetha could be used as an inputinto Hill@ (19993
(1999b) (2007 (2009 (20061 (2007 spanning tree algorithm for linking obervations
see Diewert (20079).

The method of linking observations explained in the previous paragraph based on the
similarity of the price and quantity structures of any two observations may not be
practical in a statistical agency context since the addition of a new period may lead to a
reordering of the previous links However, the above QcientificOmethod for linking
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obsrvationsmay be useful in deciding whether chaning is preferable or whether fixed
base indexes should be used while making month to month comparisonswithin ayear.

Some index nunber theorists have objected to the chan prindple on the groundsthat it
has no counerpart in the spaial context:

Orhey [chain indexes] only apply to intertemporal comparisons, and in contrast to direct indices they are
not applicable to cases in which no natural order or sequence exists. Thus the idea of a chain index for
example has no counterpart in interregional or international price comparisons, because countries cannot be
sequenced in a GogicalGor MaturalOway (there is no k+1 nor k-1country to be compared with country k).O
Peter von der Lippe (2001; 12).

This is of course correct but the approach of Robert Hill does lead to a hatural Oset of
gpatial links Applying the same approach to the time series context will lead to a set of
links between periodswhich may not be month to month butit will in many cases jugdify
year ove year linking of thedata pertaining to the same month.

It is of some interest to determineif there are index numbe formulae tha give the same
answer when either the fixed base or chan system is used. Comparing the sequence of
chan indexes defined by (60) aboveto the correpondng fixed base indexes defined by
(61), it can be seen that we will obtain the same answer in al three periodsif the index
number formula P satisfies the following fundiond equaion for all price and quantity
vectors:

(62) P(p°,p°.d’,cf) = P(p’.p".a".a") P(p",p" ).
If abilateral index number formula P satisfies (62), then P satisfies the circularity test;
see Westergaard (1890;218-219)and Fishe (1922 413).

If it is assumed tha the index numbe formula P satisfies certain propaties or tests in
addition to the circularity test above then Funke Hacker and Vodler (1979)showed that
P mug have thefollowing fundiond form dueorigindly to KonYsand Byushgens(1926;
163166}

(63)In Pea(p’p",a",q") = Si=1" o In(pi*/pi°)

wheretheN condants o; satisfy thefollowing restrictions

(64) Si-1" @i =1anda; >0fori =1,E N.

Thusunde very weak regularity conditions theonly price index satisfying thecircularity
test is a weighted geometric average of all the individud price ratios the weights being
condant throughtime. This result vindicates Irving Fisher@ (1922;274) intuition who

asserted tha Qhe only formulae which conform perfectly to the circular test are index
numbers which have condant weightseO.
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The problem with the indexes defined by KonYsand Byushgens is tha the individud
price ratios pn/pr°, have weights tha are independent of the econonic importance of
commodity n in the two periods unde consideration. Put another way, these price
weights are indgpendent of the quantities of commodity n consumed or the expenditures
on commodity n during the two periods Hence, these indexes are not really suitable for
use by satistical agendes at higha levels of aggregaion when expenditure share
informationis available.

The above results indicate tha it is not useful to ask tha the price index P satisfy the
circularity test exactly. However, it is of some interest to find index number formulae
tha satisfy the circularity test to some degree of approximation since the use of such an
index number formula will lead to measures of aggregae price changetha are more or
less the same no matter whether we use the chain or fixed base systems. Irving Fisher
(1922;284) foundtha deviationsfrom circularity usng his daa set and the Fisher idedl
price index Pr were quite small. This relatively high degree of correspondence between
fixed base and chan indexes has been foundto hold for other symmetrically weighted
formulae like the Walsh index Py defined earlier. It is posible to give a theoretical
explanation for the approximate satisfaction of the circularity test in the time series
context for symmetrically weighted index number formulag, such as P- and Py. Another
symmetrically weighted formulais the TSrnqvist Thel index Py. Alterman, Diewert and
Feendra (1999;61) showed tha if the logaithmic price ratiosIn (pa/p."?) trend linearly
with timet and the expenditure shares s," aso trend linearly with time, then the T3rnquist
index Pr will satisfy the circularity test exactly. Since many econormic time series on
prices and quantities satisfy these assumptions approximately, then the TSrnqvist index
Pr will satisfy the circularity test approximately. As was noted earlier, the TSrnqvist
index generdly closly approximates the symmetrically weighted Fishe and Walsh
indexes, so that for many economic time series (with smooth trends, al three of these
symmetrically weighted indexes will satisfy the circularity test to a high enoughdegree
of approximation so tha it will not matter whether we use the fixed base or chan
prinaple.

Walsh (1901;401) (192143 98) (1921b;540) introducd the following useful variant of
thecircularity test:

(65 1= P(p°,p",a°,a") P(p".p°.q"a)EP (p"p".a"4.a") P(p",p°.a",a).

The motivation for this test is the following one Use the bilateral index formula
P(p°,p",a%,q") to calculate the changein prices going from period 0 to 1, use the same
formulaevaluaed at thedata corresponding to periods1 and 2, P(pl,pz,gl,qz), to calculate
the changein prices going from period1t0 2, E , use P(p"*,p',q"1,q") to calculate the
changein prices going from period T-1 to T, introduce an artificial period T+1 tha has
exactly the price and quantity of theinitial period 0 and use P(p’,p°.q",q°) to calculate the
changein prices going from peiod T to 0. Findly, multiply all of these indexes togeher
and since we end up where we started, then the produd of all of these indexes should

ideally beone Diewert (1993a 40) called this test a multiperiod identity test. Note that
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if T =2 (so tha the number of paiodsis 3 in total), then Walsh@ test reduces to Fishe®
(1921;534)(1922;64) time reversal test.

Walsh (1901;423-433) showed how his circularity test could be used in order to evaluae
how QoodCany bilateral index number formulawas. What he did was invent artificial
price and quantity data for 5 peiodsand he added a sixth period that had the data of the
first period. He then evaluaed the right hand side of (65) for variousbilateral formula,
P(p°,p",a%,qY), and determined how far from unity the results were. His (hestOformulae
had produds tha were close to one Fishe (192; 284) later used this methodobgy as
well.

This same framework is often used to evalude the efficacy of chaned indexes versus
thar direct counterparts. Thusif theright hand side of (65) turnsoutto be different than
unity, the chained indexes are said to suffer from Ghain driftQ If a formula does suffer
from chan drift, it is sometimes recommended that fixed base indexes be used in place of
chaned ones. However, this advice, if accepted would always lead to the adopion of
fixed base indexes, provided tha the bilateral index formula satisfies the identity test,
P(p°p°,a%.q% = 1. Thusit is not recommended that Walsh@® circularity test be used to
decide whether fixed base or chained indexes should be calculated. However, it isfair to
use Walsh@ circularity test as he origindly used it i.e., as an approximate method for
deciding how QyoodCa particular index number formulais. In order to decidewhether to
chan or use fixed base indexes, one should decide on the basis of how similar are the
observations beng compared and choose the method which will best link up the most
similar obervations

Robat Hill@ method for linking observations can be regaded as a multilateral index
numbe method; one which is based on a suitable bilateral formula, a measure of the
smilarity of any two price and quantity vectors and an algorithm for linking the
observationsvia a pah tha linksthe mos similar observations In thefollowing section,
we review some othe multilateral methods

9. Multilateral Indexes

Assume that there are | postive price vectors p' = (p1,E ,px') and | quantity vectors ¢ =
(a:',E, an') with p-q' > 0 fori = 1,E I. We wish to find 2| postive numbers P (price
indexes) and Q' (quantity indexes) such tha PQ' = p'q fori = 1,E, I. Thel daa points
(p',q) will typicaly be observations on produdion or consumption units tha are
separated spatially but yet are still comparable. For the sake of definiteness, we shdl
refer to the | daa points as counties. Each commodity n is suppo®d to be the same
across al counties. This can aways be done by a suitable extenson of the list of
commodities.

Our first approach to the congruction of a system of multilateral price and quantity
indexesis based ontheuse of abilateral quantity index Q. In this method,thefirst stepis
to pick the destObilateral index nurber formula: e.g., the Fisher quantity index Q
defined by (14) and (5) or theimplicit TSrnqgvist Thel quantity index Qr defined by (22)
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and (5). Secondly, pick a numeraire county, say county 1, and then calculate the
aggregae quantity for each county i relative to county 1 by evaluaing the quantity
index Q(p'.p,q%,q). In order to put these relative quantity measures on a symmetric
footing, we convat each relative to county 1 quantity measure into a share of world
quantity by dividing throughby Si=1' Q(p%,p*.q"0¢). For agenera numeraire county j,
definethe share of world quantty for county i, usng county j asthe nuneraire county,
by:

(66) oi(p.a)

Q(pi1pi1qj1qi) / Ek=1l Q(pi1pk1qj1qk) , I = 11Ea l,

where p = (p'E, p) isthe N by | matrix of price data and q = (q".E, q) istheN by |
matrix of quantity daa. Once the numeraJ re courtry j has been chosen and the country i
shares o' calculated, we may set Q' = o/ and P = p-q/Q'fori = 1,E ,|. Thuswe have
provided a solution to the multilateral index number problem (1). Of course, oneis free
to renomalize theresulting P and Q' if desired; i.e., al Q' can be multiplied by a number
provided all P are divided by this same nunber. Kravis (19849 called this method the
star system, since the numeraire county plays a starring role: all counties are compared
with it andit alone

Of course, the problem with the star system for making multilateral comparisonsis its
lack of invariance to the choice of the numeraire or star county. Different choices for
the base country will in general give rise to different indexes P and Q.  This problem
can betraced to the lack of circularity of the bilateral formula Q: if Q satisfies thetime
reversal test and the circular test for quantity indexes, then o/ = o for dli,jandk; i.e,
the shares o/ defined by (66) do not depend on the choice of the numeraire county j.
However, given tha the chosn hestObilateral formula does not satisfy the circularity
test (as is the case with Qr and Qyr), how can we generate multilateral indexes tha treat
each county symmetrically?

Fisher (1922; 305 recognized tha the simplest way of achieving symmetry was to
average base specific index numbers over al possible bases. Thus define county i's
share of world output S(p,q) by

(67) S(p.a) =3j=' cl(pa)I, i=1E |

wherethe o are defined by (66). We can now define country i quantities and
prices by

68 Q= S(pa); P= p-q/Q, i =1, I.

Fisher (1922; 305) cdlled this method of constructing multilateral indexes the blend
method while Diewert (1986) called it the democratic weights method, since each share
of world output usng each county as the base is given an equd weightin the formation
of theaverage
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Of course, there is no need to use an arithmetic average of the o} asin (67); onecan use a
geometric average

(69 oi(p,q) = [ni=1| ol(p,a)]M, i=1E,I.

Using (69), the resulting shares no longe sum to onein general, so county i@ share of
world outputis now defined as:

(70) S(p.a) = ci(P.A) / Sk=1' ou(p,q), i=1E .

If the Fisher index Qr is used in thedefinition of the o7, then

(71) S(P.A)/S(P.A) = [TTk1' Qe(P,p.d.d) / [Tm=t' Qe (™0 0™ )]

and in this case, the multilateral method defined by (71) reduces to a method
recommended by Gini (1924) (1931) EltetS and KSves (1964) and Szulc (1964, the
GEKS method Ingead of usng the Fisher formula in (71), Caves, Christensen and
Diewert (19829 advocated the use of the (direct) TSrnqvist Thel quantity index while
Diewert (1986) suggested the use of the implicit trandog quantity index Qr defined by
(5) when P is Pr defined by (22), since Qr is well defined even in the case where some
quantities ¢, are negaive. We cal theindexes generated by (69) and (70) for a general
bilateral index Q generalized GEKSindexes.

When forming averages of the o/ as in (67) or (69), there is no necessity to use equd
weights: onecan define county j& value share of world outputas f = pq / Skt peof
(this requires al prices to be measured in units of a common currency) and then we may
definea plutoaratic share weighted average of the oy':

(72) S(p.a) =3j=1' Bi(P.9) o/ (P.9).

Diewert (1986) called this method of condructing multilateral indexes the plutocratic
weights method

Anothe multilateral method tha is based on a bilateral index Q may be described as
follows. Define

(73)0i(p.o) =Zj=1' [QP P\ )™ i=1E .
If there is only onecommodity so tha N = 1 and the bilateral index Q satisfies quantity
counerparts to tests T3 and T5, then o = [Jj=1' (/) ™™ = [Si=2' /g1t = /3 ¢

which is county i@ share of world produd. In the geneal case where N > 1, the
QGhaesOa; do not necessarily sum up to unity, o it is necessary to nommalize them:

(74 S(p.a) = oi(p.9) / =1 P9 ; i=1E .
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Diewert (1986)(1988)(199%D) called this the own share method for making multilateral
compaisons

The above methods for achieving congstency and symmetry rely on averaging ove
variousbilateral index number comparisons. Fisher (1922;307) realized tha symmetry
could be achieved by making comparisonswith an average he called this broadening the
base. Thusthe average basket method (see Walsh (1901;431), Gini (1931;8)) Fisher
(1922 307), Ruggles (1967) and Diewert (199%; 24-25)) may be descrlbed asfollows.
The price level of county I relative to coumryj is set equal to p(Sker’ dMNIP(Sk=t

a/1). Now define Q' <[ p"q/p-d)/[p" Sk dVP-(Ck d] to be the implicit output of
county i relativetoj. Choo aj as anumeraire county and calculate county i@ share
of world output as:

(75)S(P.A) = Q' / Skt @ = (AP Sk d) / St (P™A™P™ ), i=1E L

Note tha the find expression for S does not depend on the choice of the numerare
county j. Asusud, onae thesharefundions S, have been defined, the aggregate Q'and
P may bedefined by (68).

A variation on the basket method dueto Geary (1958) and Khamis (1972)is defined by
(76)-(78) bdow:

(76) mn= Ellann/P'Ekl%, n:l,E,N;
(77) P = 3ot prtn'/ Sm=1" 7t O i=1E I
(79 Q = pd/P, i=1E .

m, Is interpreted as an average internaiond price for goodn. From (77), it can be seen
tha P, theprice level or purchasing power paity for county i, is a Paaschelike price
index for county i except that the base prices are chosen to be theinternaiond prices m,.
Then, and (P)* can be solved for as a system of simultaneouslinear equaions(upto a
scalar nomalization) or the (P)™* may be determined as the components of the
elgenvector tha correspondsto the maximal postive eigenvaue of a certain matrix. The
P can be nomalized so tha the quantities Q' defined by (78) sum up to unity. This GK
method for making multilateral comparisons has been widdy used in empirica
applications e.g., see Kravis, Kenessey, Heston and Summers (1975.

We have ddined seven methodsfor making multilateral comparisons the star method
(66), the democratic (67) and plutocratic (72) weights methods the GEKS method (71),
the own share method (74), the average basket method (75) and the GK method (78).
Many additiond methods have been suggested; e.g., see Hill (1997, Diewert (1986)
(1988) (199%), Rao (1990)and Balk (1996) How can we discriminae among them?
One hdpful approach would be to define a system of multilateral tests and then evaluae
how the above methodssatisfy these tests. Space does not permit the development of this
approach in this short survey; for applications of this approach, see Diewert (1988)
(199%) and Balk (1996) A clear consnsus on the bestOmultilateral method has not
yet emerged.
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We condudethis section by looking at a stochastic or descriptive statistics approach to
making multilateral comparisons namely Summer@ (1973) County Produd Dummy
(CPD) method for making multilateral compaisons If there are | counties in the
compaison and N produds, the relationship of the prices between the various countries
usngthe CPD modd is given (approximately) by the following modd:

(79) pn° = AP ; c=1,..,0;n=1..N;
(80)0(1: 1

where p,° istheprice (in domestic currency) of commodity nin county c. Quantities for
each commodity in each county are assumed to be measured in the same units. Equéaion
(80) above is an identifying nomalization; i.e., we measure the price level of each
county relativeto thepricelevel in county 1. Notetha thereare IN pricesin themodd
and there are | — 1 + N parameters to GexplainOthese prices. Note also tha the basic
hypothesis tha is implied by (79) is tha commodity prices are approximately
propottiond beween the two counties. Taking logaithms of both sides of (79 and
adding error terms leadsto thefollowing CPD regression modd:

B Inp=Inac+Inpn+e,; c=1,.,l;n=1,.N.

The main advantage of the CPD method for comparing prices across counties over
traditiond index numbe methodsis tha we can obtain standard errors for the county
price levels a», as,..., oy. This advantage of the stochastic approach to index number
theory was stressed by Summers (1973) and more recently by Selvanahan and Rao
(1994)

The recent literature on the CPD method notes tha it is a special case of a hedonic
regresson modd and this recent literature makes connectionsbetween weighted hedonic
regressions and traditiond index number formulae; see Triplett and McDondd (1977)
Diewert (2003) (2005b) (20059 (20078, de Haan (20048 (20040), Silver (2003) and
Silver and Heravi (2005.

10. Other Aspectsof Index Number Theory

There are many important recent developments in index nunber theory tha we cannot
cover in any depth in this brief survey. Some of these developments are:

* Sanpling problems and the construction of indexes at the first stage of
aggregation; see DalZn (1992) Diewert (19953, ILO (2004 and IMF (2004.

* The treatment of seasonality; see Turvey (1979) Bak (1980) (2005) Diewert
(19839 (1998) (199%), Hill (1996) Alterman, Diewert and Feendra (1999)
ILO (2004)and Armknecht and Diewert (2004)

* Theanalysis of sources of biasin consumer price indexes. This topic was greatly
stimulated by the Bosin Commission Report; see Boskin, Dullberger, Gordon,
Griliches and Jorgenson (1996) For additiond contributionsto this subject, see
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Diewert (1987) (19983, Reingdorf (1993, Schulize and Mackie (2002) Lebow
and Rudd (2003) Bak and Diewert (2004 and ILO (2004)

* Produdivity indexes. As more and more counties start programs to measure
sectoral and econony wide produdivity, this topic has become more important .
The origind methodobgy for measuring produdivity using index number
techniques is due to Jorgenson and Griliches (1967) (1972) and it was first
adopied by the U.S, Bureau of Labor Statistics (1983) and subsequently by
Canada, Audralia and more recently by New Zealand and Switzerland. Diewert
(1976) (1983 Caves, Christensen and Diewert (19821, Diewert and Morrison
(1986) Kohli (1990, Morrison and Diewert (1990) Bak (1998) (2003)
Schreyer (2001) Diewert and Fox (2004, Diewert and Nakamura (2003) and
Diewert and Lawrence (2009 al made contibutions connesting produdivity
measurement with index number theory.

* Contribution analysis. Suppo® an aggregate price or quantity index shows a
certain changeover a certain peiod. Many andysts want to be able to compute
the contribution of price or quantity change of specific components of the overall
index and the problem of precisely defining such contributionshas givenriseto a
fairly subdantia recent literature. Contributors to this literature indude Diewert
(1983b)(20023, Diewert and Morrison (1986) van |Jzeren (1987, Kohli (1990
(2003) (2004) (2007) Morrison and Diewert (1990), Fox and Kohli (1998) and
Reingdorif, Diewert and Ehemann (2002)

* Quality change Theandysisthusfar has assumed tha thelist of commoditiesin
the aggregae is fixed and is undhanging and thus it is not able to deal with the
problem of qudity change For extensve discussons of this problem, see
Triplett (2004)and the chapters on qudity changein ILO (2004 and IMF (2004.

* Index nunbe theory in terms of differences rather thanratios Hicks (1941:-42)
noticed the similarities between measuring welfare change (difference measures)
and index numbers of quantity change (ratio measures). The early literature on
the difference approach daes back to Bennd (1920) and Montgomery (1929)
(1937) More recent contributions to this subject may be found in Diewert
(1992b)(20053.

The last 20 years has seen an inarease in interest in index number theory and econonic
measurement problems in general. Perhgpsinfluenced by Hill (1993) nationd statistical
agendes are moving towards usng chaned supelative indexes as thar target indexes;
see Moulton and Seskin (1999 and Cage Greenlees and Jackman (2003) for U.S.
developments. Internaiond agendes have aso endorsed the use of supelative indexes
as targe indexes; see the Manuals produed by the ILO (2004) and the IMF (2004)
These Manuds are a ussful development since they hdp disseminae best practices and
they hdp to harmonize statistics across counties, leading to a highe degree of accuracy
and comparability. Hopdully, these postive developments will continue
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